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Abstract. We establish bounds for the representation dimension of skew 
group algebras and wreath products. Using this, we obtain bounds for the 
representation dimension of a block of a Hecke algebra of typo A, in terms 
of the weight of the block. This includes certain blocks of group algebras of 
symmetric groups. 



1. Introduction 

In [Aulj . Auslander introduced the representation dimension of a finite dimen- 
sional algebra. An algebra is semisimple precisely when its representation dimension 
is zero, and no algebra has representation dimension one. A non-scmisimplc alge- 
bra is of finite representation type precisely when its representation dimension is 
two, and of infinite type when the representation dimension is at least three. The 
motivation for introducing this invariant was to measure how far an algebra is from 
having finite representation type. However, the full meaning and the properties of 
this invariant are far from understood, except in the very lowest dimensions. For 
example, a still unproved conjecture states that the representation dimension of an 
algebra of tame representation type is at most three. 

Thirtytwo years after the introduction of this invariant, lyama showed in |Iya| 
that it is always finite. Three years later, the first examples appeared of algebras 
having representation dimension greater than three. Namely, Rouquier showed in 
[Rolj that the representation dimension of the exterior algebra on a d-dimensional 
vector space is d + 1. Other examples, giving lower bounds, followed in |Ber| . 
[BOl] . [B02] . [K?K] . [OpT], [Op2| , [Op3] , fOpM] , using Rouquier's notion of the 
dimension of a triangulated category (cf. |Ro2| ). However, the exact value of the 
representation dimension is known in only a few cases, and there does not even 
exist a method for computing an effective upper bound. 

In jBeE] . both an upper and a lower bound for the representation dimension of 
Hecke algebras were established. Let H<j(A„-i) be such an algebra of type A„_i, 
where g is a primitive root of unity and the ground field k is of characteristic 
zero. If the algebra is not semisimple, then it was shown that 

[n/e] + 1 < rcpdimHg(A„_i) < 2[n/e], 

where [n/£] is the integer part of the rational number n/£. The same lower bound 
was established for Hecke algebras of types B and D, and the upper bound was 
shown to hold in certain cases. 
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In this paper, we improve this result by extending it to blocks of Hecke algebras 
of type A. We show that if B is a block of HqiAn-i) of weight w, then 

w + 1 < rcpdimS < 2w. 

The weight of any block is at most [n/£], and the weight of the principal block equals 
[n/£]. Therefore the bounds from |BeE| follow easily from our result. The same 
bounds also hold for blocks of Hq{An-i) of weight w over fields k of characteristic 
p > w, in case q £ Fp\{0, 1} is an root of unity; and they hold in case q — 1 and 
i = p where the Hecke algebra 7iq{An-i) is nothing but the group algebra kSn of 
the n*'' symmetric group. 

Our proof relies on results on so-called Rouquier blocks of Hq{An-i), cf. [ChK| 
and [ChMj . Such a block of weight w is Morita equivalent to the wreath product 
Al Sw, where A is a Brauer tree algebra associated to the graph 

o o • ■ • o o 

with £ vertices and no exceptional multiplicity, and is the w*'' symmetric group. 
The representation dimension of the block then equals that of the algebra Al Sw 
We therefore establish bounds on the representation dimension of wreath products, 
and of more general skew group algebras. 

2. Skew group algebras and wreath products 

In this section, we fix a field k. Let A be a finite dimensional fc-algebra, and de- 
note by mod A the category of finitely generated left A-modules. The representation 
dimension of A, denoted repdimA, is defined as 

repdimA =^ inf{gldimEndA(A/) | M generates and cogenerates mod A}, 

where gldim denotes the global dimension of an algebra. To say that a module 
generates and cogenerates mod A means that it contains all the indecomposable 
projective and injective modules as direct summands. Of course, when A is selfin- 
jective, a module is a generator if and only if it is a cogenerator. 

We shall prove bounds for the representation dimension of blocks of Hecke alge- 
bras. As mentioned in the introduction, we do this by using a derived equivalence 
from |ChM| . which enables us to pass to certain wreath products. Wreath products 
are special skew group algebras, and we therefore start with computing bounds for 
such algebras. 

Suppose G is a finite group acting on A, i.e. there is a group homomorphism 
G — >■ Aut A, where Aut A is the multiplicative group of algebra automorphisms on 
A. The skew group algebra A[G] is the finite dimensional algebra whose underlying 
vector space is A ®k kG, where kG is the group algebra of G. The multiplication is 
defined by 

{X(^g){X' ®g') = Xg{X')(^gg', 

for A, A' G A and g, g' e G. Denote the identity in G by e. The algebra homomor- 
phism 

A ^ A[G] 
A H> A e 

is injective, and so we may view A as a subalgebra of A[G]. Since every element in 
the skew group algebra can be written uniquely as a sum X^geG ^9 ® .9' there is an 
isomorphism 

A[G] c lA, 

geG 
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of A-A-bimodules. Here, the bimodule lAg is the vector space A, with bimodule 
scalar action given by Ai • A ■ A2 = Xi\g{X2). In particular, the skew group algebra 
is free as a left A-module. 

In the above bimodule isomorphism, the summand lAg is isomorphic (actually 
equal) to A. Therefore A is isomorphic to a direct summand of A[G], as A-A- 
bimodulcs. Now let X be A[G] considered as a A-A[G]-bimodule, and let Y be 
A[G] considered as a A[G]-A-bimodule. From what wc have just seen, the A-A- 
bimodule A is isomorphic to a direct summand of X ®a[g] Y. By jReRi Theorem 
1.1], if the order of G docs not divide the characteristic of the ground field k, then 
the "opposite" also holds. Namely, in this situation, the A[G]-A[G]-bimodule A[G] 
is isomorphic to a direct summand of Y eg) a X. In the terminology of [Em], the 
algebras A and A[G] are then separably equivalent Moreover, by |ReRl Theorem 
1.1 and Theorem 1.3(c)], one of the algebras is selfinjective if and only if the other 
is. We record all this in the following lemma. 

Lemma 2.1. Let A be a finite dimensional algebra on which a finite group G is 
acting, and suppose that the order of G is invertible in the ground field. Then the 
following hold: 

(1) A and A[G] are separably equivalent. 

(2) A is selfinjective if and only i/A[G] is. 

When A and A[G] are selfinjective, their stable module categories mod A and 
mod A[G] arc triangulated categories. When these algebras arc separably equiv- 
alent, the dimensions of these triangulated categories (in the sense of [Ro2| ). are 
equal by |Linl Corollary 3.7] (the latter is stated for symmetric algebras, but holds 
for separably equivalent selfinjective algebras). Combining this with Lemma 12.11 
we obtain the following lemma. 

Lemma 2.2. Let A be a finite dimensional selfinjective algebra on which a finite 
group G is acting, and suppose that the order of G is invertible in the ground field. 
Then 

dim ( mod A) = dim (mod A[G]) . 

We can now give a lower bound for the representation dimension of a skew group 
algebra. 

Theorem 2.3. Let A be a finite dimensional selfinjective algebra on which a finite 
group G is acting, and suppose that the order of G is invertible in the ground field. 
Then 

dim (mod A) + 2 < rcpdimA[G]. 

Proof. This follows from Lemma [2.21 and jRoli Proposition 3.7]. □ 

Obtaining an upper bound for the representation dimension of a skew group 
algebra is more complicated. The bound we give is in terms of the restriction of an 
induced module. To be precise, let M be a left A-module. Then the induced module 
A[G] (8)A M is a finitely generated left A[G]-module. What is the restriction of this 
module to A? Recall that A[G] and (BgeciAg are isomorphic as A-A-bimodules, 
hence the left A-module A[G] ®f^M is isomorphic to ®g^G {lAg ®k M). Given any 
element g € G, the left A-modules lAg ^\ M and g-iM are isomorphic, where 
g-iM is just M with scalar multiplication X ■ m — g~^{X)m. Since the direct sum 
runs over all elements in G, we have shown that the restriction of A[G] 0a M 
to A is isomorphic to (Dg^cgM. The following result shows that when M is a 
generator in mod A, and (Bg^CgM belongs to addA M, then the global dimension 
of the cndomorphism ring of M is an upper bound for repdim A[G]. 
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Theorem 2.4. Let A be a finite dimensional selfinjective algebra on which a finite 
group G is acting, and suppose that the order of G is invertible in the ground field. 
Furthermore, let M be a generator in mod A, and suppose that ®g£GgM belongs to 
addA-A'f. Then 

repdimA[G] < gldimEndA(A/). 

Proof. Consider the left A[G]-niodule A[G] ®k M. By viewing A[G] as a A[G]-A- 
bimodule, the vector space HoniA[G] {A\G], K[G]® \M) becomes a left A-module, and 
as such it is isomorphic to the restriction of A[G] ®f^M to A. We have seen that this 
A-module is isomorphic to (Bg^cgM, hence it belongs to addA AI by assumption. 
Consequently, the left A-module HomA[G] (A[G], A[G] ®a M) belongs to addA Af. 
By jBeEi Theorem 2.3], the inequality 

gldimEndA[G](A[G] ®a M) < gldimEndA(A/) 

then holds. Now, since the A[G]-modulc A[G] (8)a M is a generator by |BeEl Propo- 
sition 2.4], the representation dimension of A[G] is at most the global dimension of 
EndA[G](A[G]®AM). □ 

We give an example illustrating Theorem 12. 31 and Theorem [231 

Example. Suppose A is a selfinjective algebra of finite representation type on which 
a finite group G is acting, and that the order of G is invertible in the ground field. 
Let M be the direct sum of a complete set of representatives of the isomorphism 
classes of the indecomposable A-modules. Then M is a generator, and 

rcpdimA = gldimEndA(A/) < 2 

provided A is not semisimple. If g is any element in G, then gM is just isomorphic to 
M , since an algebra automorphism will just permute the indecomposable modules. 
Therefore Theorem 12.41 shows that the representation dimension of A[G] is also at 
most two, that is, the skew group algebra is also of finite representation type. This 
is contained in jReRi Theorem 1.3(a)]. 

We now turn to a special class of skew group algebras. Let n be a positive 
integer, and denote by A*^" the tensor product of n copies of our fc-algebra A. This 
is again a finite dimensional algebra, on which there is a natural action by the n^^ 
symmetric group S'„. Namely, for an element a G Sn and oi (8i • • • CE) a„ e A*^", the 
action is given by 

a{ai (g) • • • (8> a„) =^ 0^-1(1) (E) ■ ■ ■ ® a^^^n)- 

The wreath product Ai Sn is the skew group algebra A®"[S'„]. In other words, it is 
the finite dimensional /c-algebra whose underlying vector space is 

A^^'^kSn, 

and with multiplication defined by 

(fli (g) • • • ® a„ (g) (t)(6i (g) ■ • • ® fo„ (g t) =^ai6cr-i(i) g) • • ■ a„6c,-i(„) g) ctt, 

for , 6i G A and cr, r G S'„ . 

When A is selfinjective, then so is the tensor algebra A®". Using Theorem l2.3l and 
Theorem 12.41 we obtain the following result, which gives lower and upper bounds 
on the representation dimension of wreath products. The proof of the upper bound 
requires the ground field to be perfect. 

Theorem 2.5. Let A be a finite dimensional selfinjective non- semisimple algebra 
over a perfect field, and n a positive integer with n\ invertible in the ground field. 
Then 

dim (mod A®") + 2 < repdim (A ; Sn) < n (rcpdimA) . 
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Proof. The order of the symmetric group Sn is n\, which by assumption is invertible 
in the ground field. The lower bound 

dim (mod A®") + 2 < rcpdim (A ; S,,) 

therefore follows from Theorem 12.31 

Let d be the representation dimension of A. Then there exists a generator Af S 
mod A with gldimEndA(M) = d. Let t be an integer with the property that A 
is a direct summand of M*, where M* is the direct sum of t copies of M, and 
denote this direct sum by N. Then N is also a generator in mod A realizing the 
representation dimension of A, i.e. gldimEndA(7V) = d. The tensor product A''®" 
is now a generator in mod A®", since A®" is a direct summand. By |Xil[ Corollary 
3.3 and Lemma 3.4], the global dimension of its endomorphism ring is given by 

gldimEndA®.. (iV®") = gldim (EndA(iV))®" n, (gldimEndA(A^)) = nd. 

For any element a G S„, the twisted A® "-module cr(A^®") is isomorphic to iV®" 
itself via the isomorphism 

Xi ^ ■ ■ ■ ® Xn ^ X„-l(^i) ^ ■ ■ ■ ® X„^l(^„y 

Therefore, the A®"-module ©<,gs,,^(iV®") trivially belongs to addA»" iV®". Con- 
sequently, the inequality 

repdim (A I S,,) < gldiniEndA®- (iV®") = nd 

follows from Theorem 12.41 □ 

3. Blocks of Hecke algebras 

As in the previous section, in this section we fix a field k. Let q € . The cor- 
responding Hcckc algebra HqiAn-i) of type A^-i is the fc-algebra with generators 
Ti, . . . , r„_i satisfying the relations 

(Tj + l)(rj - (?) = for l<i<7i-l 
TiTi+iTi = Ti+iTiTi+i for 1 < z < rt - 2 
T,Tj=TjT, for \i - j\ > 2. 

If g = 1, this is just the group algebra of the symmetric group Sn, hence T-Lq{An-i) 
is also referred to as the Hecke algebra of Sn- In any case it is a symmetric algebra. 

Let us assume that 'Hq{An-i) is not scmisimplc for all n. Then either q S 
A;\{0, 1}, and the multiplicative order of q in k^ is a positive integer £, or g = 1 
in which case k has positive characteristic £ > 0. Under these assumptions the 
representation type of T-Lq{An-i) depends on the number [n/£], where [r] is the 
integer part of a rational number r (cf. |ErNj ) . Namely, the algebra 7iq{An-i) is 
semisimple if and only if [n/£] = 0, where we define [n/£] to be zero when £ = oo. It 
is non-semisimplc of finite representation type if and only if [n/£] = 1, and of tame 
representation type if and only if ^ = 2 and n is either 4 or 5 (and then [n/£] = 2). 
In all other cases, the algebra Hq{An-i) is of wild representation type. In [BeEj it 
was shown that when the characteristic of the ground field k is zero, then 

[n/£] + 1 < repdimUqiAn-i) < 2[n/£] 

whenever Hq{An-i) is not semisimple (that is, when [n/£] > 0). We will extend 
this to blocks, where the weight plays the role of the integer [n/£]. 

The representation theory of the blocks of 'Hq{An-i) is intimately connected 
with the theory of partitions of n; for details, see [DiJ| . Let A = (Ai, . . . , At) be 
a partition of n, i.e. Ai > Aj+i and |A| = Ai + • ■ • -I- At = n. When we remove as 
many rim £- hooks as possible from the Young diagram of A, we obtain (the Young 
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diagram of) the (.-core of A. Now, for each partition A of n there is a q-Specht 
module for and two such Specht modules and S^^ belong to the 

same block precisely when the ^-cores of the partitions A and /x are equal. Let B 
be the block containing the q-Specht module S^. Dividing n by £ gives 

n = w( + I7I, 

where 7 is the ^-core of A. The integer w is then the weight of B. The block is 
called a Rouquier block if its £-core 7 has at least w ~1 more beads on each runner 
than on the runner to its left in an abacus presentation (cf. jChKj ) . 

It follows from the definition that the weight w oi a. block of T-Lq{An-i) satisfies 
< w < [n/P\. Moreover, for every w g {0, . . . , [n/t]} there is a block of 7iq{An-i) 
of weight w. For example, the principal block, that is, the block containing the 
trivial module k, has weight [n/£]. To see this, write n = mi+a, where < a < £— 1 
(hence m = [n/£]). Then the ^-core of the principal block is the partition (a), and 
so the weight of this block must be m. 

We are now ready to prove the main result in this section. It provides lower and 
upper bounds on the representation dimension of a block of a Hecke algebra of type 
A, in terms of the weight of the block. 

Theorem 3.1. Let n > 2 be an integer, and q £ . Furthermore, let B be a block 
of the Hecke algebra 'Hq[An-i) of nonzero weight w, and assume that one of the 
following holds: 

(1) k is algebraically closed of characteristic zero, and q G fc\{0, 1} has multi- 
plicative order £ in k^ , 

(2) k is algebraically closed of characteristic p > w, and q G Fp\{0, 1} has 
multiplicative order £ in , 

(3) k is perfect of characteristic p = £ > w and q = 1- 
Then 

w + 1 < repdimB < 2w. 

Proof. If B is not a Rouquier block, then choose an integer m with the property 
that the Hecke algebra 7iq{A,n-i) contains a Rouquier block B' of weight w (such 
an integer always exists). By jChRl Theorem 7.12], the algebras B and B' are 
derived equivalent. Consequently the block B is derived equivalent to a Rouquier 
block B' of weight w. Now let A be a Brauer tree algebra associated to the graph 

o o • • • o o 

with £ vertices and no exceptional multiplicity. By [ChMl Theorem 18] in cases (1) 
and (2), and |ChK[ Theorem 2] in case (3), the algebra B' is Morita equivalent to 
the wreath product A ; Sw Let us make a note on the restrictions on k and q made 
in cases (1) and (2). These result from the fact that Chuang and Miyachi invoke 
the representation theory of the finite general linear group GLn{q) in their proof of 
[ChMl Theorem 18]. In case (2) we must assume that q G fc\{0, 1} can be obtained 
by reducing a prime power modulo p, and therefore lies in Fp, but we can take any 
such element since by Dirichlet's theorem any element of Fp is congruent modulo p 
to some prime. In cases (1) and (2) we must also assume the field k contains many 
roots of unity since a splitting field for GLn{q) contains such; the assumption that 
k is algebraically closed guarantees this. 

The above shows that the block B is derived equivalent to the wreath product 
Al Sw By |Xi2[ Corollary 4.2], the representation dimension of B equals that of 
AlSw, hence we compute the bounds for the latter. Note also that in each case the 
field k is perfect, and vul is invertible in k. 

The Brauer tree algebra A is selfinjective, not semisimple and of finite represen- 
tation type. Therefore its representation dimension is two, and so the upper bound 
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in Theorem 12.51 gives 

rcpdini(A I S-w) < 2w. 

To compute the lower bomid, note that by jLini Remark 4.10], the algebra A is 
periodic as a bimodule. This implies that the KruU dimension of the Hochschild 
cohomology ring HH*(A) is one, and that the HH*(A)-module ExtA'=(A,X) is Noe- 
therian for every A-A-bimodule X (here A° denotes the enveloping algebra AiJJfe A°p 
of A). Denote the tensor algebra A®'^' by A, and its Jacobson radical by r. By [Linl 
Proposition 4.8 and preceding paragraph], the Krull dimension of HH*(A) is w, 
and the HH* (A)-module Ext^o [A, Y) is Noethcrian for every A-A-bimodule Y. By 
[EHSSTi Proposition 2.4], the latter is equivalent to the following: the Hochschild 
cohomology ring HH*(A) is Noetherian, and F,xt\{A/ 1, A/ x) is a finitely gener- 
ated HH*(A)-module. Since A/ r is separable, it follows from the proof of jBerl 
Corollary 3.6] that the complexity of the A-module A/ r equals the Krull dimen- 
sion of HH*(A), which is w. Then by jBeri Theorem 3.2], there is an inequality 
dim ( mod A) > w — 1, hence 

w + 1 < dim ( mod A) + 2. 
Since A = A**™ , the lower bound 

w + 1 < rcpdim (A I Su,) 
now follows from Theorem 12.51 This completes the proof. □ 

Part (3) of the theorem shows that for the group algebra kSn of the n*'* symmetric 
group, the bounds hold for blocks of weight less than the characteristic p of k. In 
particular, if n < p^, then the weight of any block of kSn is less than p, and so 
the bounds hold. We record this in the following corollary, which generalizes |BeEi 
Theorem 4.4]. 

Corollary 3.2. Let k be a perfect field of positive characteristic p, andn an integer 
with p < n. Furthermore, let B be a block of kSn of nonzero weight w < p. Then 
the inequalities 

w + 1 < repdim B < 2w 

hold. In particular, if n < p^ , then the inequalities hold for every block of nonzero 
weight w. 
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